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Abstract 

N = 1 supersymmetric QCD is considered using the recently proposed 
picture of it as the world volume theory of a single M-theory fivebrane with 
two of its dimensions wrapped on a Riemann surface. The conditions under 
which a second M-theory brane can be introduced preserving some supersym- 
metry are analysed. Such configurations represent BPS saturated extended 
objects in the quantum field theory on the brane worldvolume. Formulae for 
the tension of these extended objects are derived. An explicit intersecting 
fivebrane configuration is found which is interpreted as a BPS domain wall in 
4-dimensional MQCD. 
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1 Introduction 



One area of research where non-perturbative string and M-theory ideasf] have found 
fruitful application is the study of non-perturbative aspects of gauge theories. It has 
given a new and interesting perspective on non-perturbative aspects of quantum field 
theory and the relation between the classical and the quantum. The string/M-theory 
viewpoint has provided a natural physical interpretation for the Seiberg-Witten 
solution [I of N = 2 supersymmetric Yang-Mills theory. 

Recently BPS saturated extended objects in iV = 1 supersymmetric quantum 
field theory have attracted much attention |5|, |], 0. This article investigates the M- 
theory interpretation of these objects as BPS stable configurations of intersecting 
M-branes. 

In the M-theory setting one can view 4-dimensional quantum field theory as 
the worldvolume theory of an M-theory fivebrane wrapped on a Riemann surface 
S ^, |. Extended objects in the quantum field theory constructed in this fashion 
can naturally be interpreted as other branes intersecting this "vacuum" fivebrane 
in various ways. Depending on how the worldvolumes intersect the corresponding 
state in the field theory will have a very different appearance. Supergravity and 



worldvolume effective field theory considerations suggest [|I3| |12| , pT] , |14| that a pair 



of fivebranes can intersect along a space of either 3 or 1 dimensions, while a fivebrane 
and a twobrane can intersect along 1 dimension. In the present analysis these results 
are not assumed. In fact, to study extended objects in the effective quantum field 
theory on the worldvolume it seems most natural to classify the intersections by 
the number of dimensions of the intersecting fivebrane that coincide with the non- 
compact 3 dimensional (space) part of the "vacuum" fivebrane. These intersections 
can be interpreted as membranes (d — 2), strings (d = 1) or particles (d = 0) in the 
4-dimensional quantum field theory on the "vacuum" fivebrane worldvolume. This 
paper is devoted to the study of BPS stable configurations of this kind. 

It is shown that only two types of intersections can lead to solutions of the 
BPS conditions: the fivebrane-fivebrane intersection along a 2-space in 3 + 1 dimen- 
sional spacetime, which has a natural domain wall interpretation, and the fivebrane- 
fivebrane intersection along a 1-space, which would be interpreted as a BPS satu- 
rated string. The explicit membrane solution found here is in fact a 3-dimensional 
intersection (in agreement with expectations based on supergravity). However the 
string solution seems singular, as it requires that the volume (hence also the tension) 

2 For recent reviews see H and . 
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I5fl and 



of this object should vanish in the BPS limit. 

Section 2 reviews the M-theory fivebrane configurations leading to the gauge 
theories of interest, following the original presentation of Ooguri et al. 
Witten |g (as well as the papers 0, ^ |T|, H, 
generalise and explore the original construction). Various consistency checks like 
decoupling and Seiberg duality are discussed. 

Section 3 is devoted to counting the supersymmetries of the fivebrane configura- 
tion using the methods of 



20|, m H, ||, H |H which 



26 



Section 4 considers the various fivebrane-fivebrane 
intersections, and section 5 discusses an explicit example of a BPS domain wall 
in SU(n) MQCD. Finally section 6 summarises the results for fivebrane-twobrane 
intersections. 



2 M-theory Fivebranes with Four Supersymme- 
tries 

Four dimensional N = 1 supersymmetric SU(n) Yang-Mills theory can be regarded 
as the world-volume theory of parallel fourbranes in type IIA string theory with 
finite extent in one direction, x 6 . The ends of the fourbranes, along the x 6 axis, 
lie on fivebranes. The remaining coordinates of the world-volume theory of the 

fourbranes cLI*6 00 ■ Ob ■ Ob . Ob • 

In the N = 2 case the fivebranes on which the fourbranes end have world- volumes 
extending in the OC . Ob ■ Ob ■ Ob . Ob >j Ob coordinates. This configuration preserves a 
quarter of the 32 real supersymmetries of M-theory, that is eight. To have N — 1 
supersymmetry in four dimensions one has to break a half of these. This can be 
achieved by rotating one of the fivebranes so that they are not parallel anymore |3"2], 



341. Thus one fivebrane extends over x , x , x , x , x , x while the other extends 



over x°, x l , x 2 , x 3 , x 7 , x 8 . 

To understand the physical limit under consideration here it is useful to first 
recall the N = 2 situation. The field theory on the fourbrane worldvolume is a 
supersymmetric Yang-Mills theory in a limit where gravity decouples. The idea of 
decoupling gravity in order to understand non-perturbative aspects of field theory 
from the string point of view was first made explicit in |28|. It was subsequently 
understood that the field theory limit only depends on the local structure of the 
compactification and can be explored by "engineering" the singularity structure 



appropriately [Bl 30, 31 1. The analog of this in the brane language was developed in 
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a number of papers [25, B| and the relationship between the alternative approaches 



has been discussed in |55] and very recently in [pq] . Gravity is decoupled by taking 
the string coupling A to be small. Since the Yang-Mills coupling g on the fourbrane 
worldvolume theory satisfies 

cf- \l, 1 1 

(here l s is the string scale), one has to keep this finite to get a nontrivial limit. Thus, 
as the string coupling is taken to be small, keeping g fixed entails keeping the ratio 
L/(\l s ) fixed. Since R = Xl s , this is the same as fixing L/R. This is intuitively 
sound, as it also means that the Kaluza-Klein excitations decouple in the limit. 

Using an M-theory fivebrane configuration instead of the flat branes in type IIA 
string theory means working in the strongly coupled regime. In it is argued that 
the physical picture in the dimensions (0,1,2,3) persists also when this opposite 
limit is taken, that is, one takes the string coupling A to be large keeping the Yang- 
Mills coupling finite, i.e. R and L are taken large keeping their ratio fixed. This 
does not change the physics, because the theory on the Coulomb branch depends 
on R and L only via their ratio (see also [25]). 



A similar picture is advocated in [p~5] , [T0| , |I6[ | for the case of N — 1, although it is 
also pointed out |l(J that in this case gravity does not entirely decouple, but instead 
leads to a one-parameter generalisation of standard supersymmetric Yang-Mills the- 
ory. As in the N = 2 case, since the fourbrane is just an M-theory fivebrane wrapped 
around x 10 , one can ask what the M-theory fivebrane configuration would have to be 
to lead to the type IIA configuration of fourbranes and fivebranes described above 
in the weakly coupled limit. The answer is that the fivebrane fills the space parame- 
terised by x°, x 1 , x 2 , x 3 and its two remaining dimensions are wrapped on a Riemann 
surface S which is holomorphically embedded in R 6 (the coordi- 
nates). Adopting a complex structure where s = x 6 + ix 10 , v = x 4 + ix 5 , w = x 7 + ix 8 
are holomorphic, the Riemann surface S will be given by two holomorphic relations 
in the variables s, v, w. Since x 10 is really compactified on a circle, instead of s one 
uses t = exp(—s/R), R being the radius of the compact a; 10 . The radius R will be 
set to unity in what follows, except in section (|5.1|). 

One way of finding the curve S is to emulate the effect of rotating one of the 
fivebranes in the M-theory limit. This can be done at points in iV = 2 moduli space 



where the curve degenerates to genus zero[15, 10, It]. At such points the curve can 



be parameterized rationally, which means that it can be specified by prescribing 
t,v,w as rational functions of a coordinate A on the complex sphere. To determine 
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these functions one has to examine the behaviour of t,v,w to see what kind of 
singularities are allowed. 

In the N = 2 case v should have two poles corresponding to the two fivebranes, 
both at w — 0. After the rotation, there should be a pole in v at w = (this 
corresponds to the "left" fivebrane), and one in w at v — (the other fivebrane). 
This implies the relation 

wv = ( (2) 

for some £■ To specify the curve completely one more relation is needed. 

To discuss all the cases in a self-contained way, consider the N = 2 curve given 

by 

y 2 = A(x) 2 - B(x). (3) 
This form is common for all the non-exceptional classical groups (see e.g. fl37|): 



SU(r + 1) : A(x 
B(x 

SO(2r + 1) : A(x 
B(x 

Sp(2r) : A(x 
B(x 

SO{2r) : A(x 
B(x 



r+l 
k=l 

N f 

A 2 ^n(* + ^); 



(4) 



3=1 

r 

n^ 2 -aD+^o, 



(5) 



fe=i 



A 



4r-2N f -2 x 2 



(6) 



3=1 



n(a; 2 -al), 



k=l 



N f 



3=1 



(7) 



Here //j are the flavour masses, A is the renormalisation group invariant scale, 
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are the branch points, and 

N f 

A, = A 2 ^/ +2 n/V (8) 

Setting y = t + A(x), x = v one finds 

t 2 + 2tA(x) + B(x) = 0. (9) 
By rescaling x and B suitably (and identifying x = v) one can assume 

A(v) = v a + ... 

B(v) = fxv b +... (10) 

The idea is to consider a degenerate limit, where the Riemann surface becomes 
a sphere, and read off the asymptotic behaviour of t. In the limit v — > oo the curve 
becomes: 

t 2 + tv a + iiv h = 0. (11) 

For the N = 2 curves b < 2a, which is assumed throughout. One can distinguish 
different regions of interest for the parameters b, a. If b < 2a, then: 

* -> ~fiv b - a , 
or t -> -»• oo. (12) 

The first root has the following asymptotic behaviour as v — > oo: 

b < a 
b = a 

b> a : t -> -/it;"-" -> oo. (13) 

When 6 = 2a: 

1 

















/^ 6-a - 


-> oo. 



*-- w »(-l± ^1-4^)^00. (14) 

Next the behaviour in the vicinity of the zeros of B (denoted by /ij) is needed. 
Suppose 



B = tif[(v-Vi) ni , X> = 6. (15) 

i=l i=l 
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Expanding A around /ij gives 

A{v) = d{v - fii) mi + . . . (16) 

for some constant Cj (note that rrii are allowed to vanish). Now concentrate on a 
point in moduli space where the Riemann surface degenerates to a sphere; there the 
surface can be parameterized by a single parameter A [ |15| , Kj. Let 



^ = A + ^, (17) 

so that v — > oo as A — > oo and A — ► 0. These two infinities correspond to the two 
five-branes between which the fourbranes, in the weak coupling type IIA picture, 
are suspended. Since the asymptotic behaviour of t as v — > oo is determined by a 
quadratic equation, it has two different behaviours corresponding to the two roots of 
the equation as given in (|L^]13| . |l4|) . One may associate these two roots with either 



A — > oo or A — > 0. Let us denote by (A) the case when the first root given in ( |P2"D is 
associated with A — > and the second one with A — ► oo. Then 




A -> : t -> • 
A^oo : t^-X a . (18) 

The function t(X) has a pole of order a at A — > oo and a pole of order b — a at A = 
if 6 < a or a zero of order a — 6 at A = if b > a. Since A parameterizes a sphere, 
t should have an equal number of poles and zeroes. Thus t must have a further set 
of zeroes whose total order should be b. These occur whenever the polynomial B 
vanishes, i.e. whenever 

v = X + j = ^. (19) 

Denoting the two roots of these equations as A±j,A + jA_j = d, one can write i(A) 
uniquely as: 

k 

t = - JJ(A - A +j ) n ^ m ^(A - X-j) m 'X a -\ (20) 
i=i 

where the m^Uj are defined above and k is the number of distinct zeroes of the 
polynomial B. One also obtains the equation: 

k 

ii = (-i) b d a - b n a 2 / %/". m . (21) 

3 
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Now consider decoupling flavors with mass jij by taking fij — > oo while keeping 
fixed in the usual way. In this limit A_j — ► — /ij and one can only keep the 
equations consistent with the case of a smaller number of flavors if rrij = 0. Thus 
decoupling requires that the theory be at a point in moduli space at which rrij — 0, 
so finally one finds: 

t{\) = -f[(\-x +j p\ a - b 

3=1 

/i = (-l) b d a - b f[X n 4. (22) 

3 

Rotating one of the fivebranes to break the supersymmetry by a further half corre- 
sponds to keeping only one of the infinities in v, and letting the other one correspond 
to an infinity in w. Thus one can take 



v = A, 

c 

A' 



w = \, (23) 



which yields the N = 1 curve: 



3=1 

vw = C- (24) 

Let us now consider the other possible case, denoted by (B), in which one asso- 
ciates the second root given in (|T2| ) to A — > and the first root to A — > oo. In that 
case 

A^oo : t^-/2\ b - a . (25) 
The same argument as for the case (A) leads to the N = 1 curve: 



k 

3=1 



H(v- (\)"'r 



vw = (. (26) 
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Thus one arrives at two different curves describing the same physical situation, 
related by the discrete transformation: a —>■ a — b,b — > b. This is exactly Seiberg's 
non-abelian duality. 



3 The MQCD vacuum 

MQCD is the quantum field theory living on the (0, 1, 2, 3) part of a fivebrane with 
world volume (0, 1, 2, 3) x £ where S is a Riemann surface holomorphically embedded 
in Y = R 5 x S 1 as described in the preceding section. 

The following sections consider the possibility of having BPS saturated extended 
objects in the world volume theory of the fivebrane. Three types of objects are 
studied, which intersect the (0, 1, 2, 3) part of the fivebrane world volume at 0, 1 
or 2 dimensional manifolds. If these objects exist, they appear as BPS saturated 
particles, strings, and membranes in MQCD. To establish whether they do exist, 
one has to look for brane configurations which preserve some supersymmetry. The 
first step is to verify the number of supersymmetries preserved by a single fivebrane 
with world volume (0, 1, 2, 3) x E, that is, the number of supersymmetries preserved 
by the vacuum in MQCD. This calculation is necessary, since it is important for 
the following sections to have an explicit form for the preserved supersymmetry 
transformations, that is, for the spinorial parameters of these supersymmetries. 

The conditions for preservation of supersymmetry can be found following |26[ (see 



also |27|, |38[). The number of supersymmetries preserved by a p-brane configuration, 
whose embedding in R 9,1 x S 1 is described by the maps X M , is given by the number 
of spinors x which satisfy the equation 

1 

-' 1 I ...Hi, I 

Ah...M p <- 



X = - ] e ai -^T Ml ... Mp d ai X Kh . . . d ap X M *x. (27) 



pi 
HereQ 

(28) 

and Tm are 11-dimensional gamma matrices. 

For a fivebrane with world- volume filling x°, x 3 , £ the supersymmetry condi- 
tion (in the static gauge) reduces to: 

X = \e a ?Tv . . . r 3 T i:j d a X%X j x, (29) 



3 The antisymmetrization in ( P8[ ) includes a factor of l/p\, and the epsilon symbol in ( f27| ) is a 
tensor, not a tensor density. 
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where i,j label the embedding coordinates (X 4 , X 5 , X 6 , X 7 , X 8 , X 10 ). Using com- 
plex coordinates^ 

S = X 6 + iX 10 , 
V = X^ + iX 5 , 

W = X 7 + tX 8 , (30) 

(31) 

which will be denoted by X m (with X m as their complex conjugates), the condition 
(|D reads 

X = e^ToT^TsiT^d^d^ + T mn d a X m d p X n + T^ n d a X m d p X n , 
+ Y fm d a X*d p X n ) X . (32) 

As the fivebrane is wrapped around the holomorphic curve S, only the term with 
one holomorphic and one anti-holomorphic index is non- vanishing: 

X = e Q/3 r . . . T z (T mn d a X m dpX n + T mn d a X m dpX n ) X . (33) 

This equation can be rewritten as: 

Vhda 1 A da\ = T T 1 T 2 T 3 T mn (d 1 X m d 2 X ii - d 2 X m d l X n )da 1 A da 2 X . (34) 

Here a 1 ' 2 parameterize the two dimensional surface E and h is the determinant of 
the induced metric on E. The equations describing the embedding of E in Y can be 
written as: 

h{v,t) = 0, 

f 2 (v,w) = (35) 

(the explicit form of the functions fx, f 2 was given in section 2). From these two 
equations one can calculate 

h ^ ~\ ( w + 'If' 2 + ^M ?mmf ~ *> mf)2 (36) 



4 Also T = exp(-S/R) will be used. 
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and the equation for supersymmetry preservation becomes: 



irorir 2 r 3 (r fr - Tf V — - + v fw ( tt-t) - ^vt(-^—_ t-)*, 

.&rfi, 2 d T fi 2 dvh ( d T fidvh 

OvJi dvji Owh ovji o w j 2 

r i d T fi i2f dvf 2 ^ , ,&rfi d v f 2 |2W 

CvJl OWJ2 OyJi W J 2 

- ^w + ^ 2+l mJ mf -^ f)x - (37) 

This implies the conditions 

irorirarar^rx = ^l 2 x, 

iToT^^sTyvX = -x, 



%Y^iY 2 Y z Y WwX = -X 



(38) 



and 



FfvX = FfwX = ^vwX = 0, 

i> T x = rv rX = r^ yX = o. (39) 

These conditions admit 4 real solutions, so 4 supersymmetries are preserved, 
which corresponds to N — 1 supersymmetry in 4 dimensions. To see this it is 
convenient to regard the gamma matrices for the six dimensions 4, 5, 6, 7, 8, 10 in 
the present basis as fermionic creation and annihilation operators, since they satisfy 
the anticommutation relations 

{Y m ,Yj} = 9mn , (40) 

where g is the (flat) metric on Y. Thus Y m is a fermionic creation operator, while 
its conjugate is a fermionic annihilation operator. 

The spinor x can be viewed as a Fock state in the space generated by the op- 
erators Y m acting on a Fock vacuum. It is convenient to denote a vector in the 
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Fock space by a ® \ rig, ny, nw >, where the rij are the fermionic Fock space occu- 
pation numbers (i.e. or 1) and a is a 4-dimensional Dirac spinor. Thus there are 
8 * 2 3 = 64 states. The conditions ( |3~9"D imply that 

x = a ® | 000 > + f3® | 111 >, (41) 

where a, (3 are 4-dimensional (Dirac) spinors. There are 16 such states. 
The conditions ( |38| ) lead to 

ir rir 2 r 3 «i = a u 

iT T 1 T 2 T 3 a 2 = -a 2 , (42) 

i.e. they determine the 4-dimensional chirality of the spinors aci,a 2 , leaving 8 solu- 
tions. Finally the eleven-dimensional Majorana condition must be imposed. Recall 
that with the conventions of [Q Tm are real for M — 2, 5, 7, 8, 10, purely imagi- 
nary for M — 0,1, 3, 4, 6, 9, symmetric for M — 0, 2, 5, 7, 8, 10 and antisymmetric for 
M — 1,3, 4, 6, 9. The charge conjugation matrix is given by 

C = BT , (43) 

where the unitary matrix B satisfies 

T* M = BYB- 1 (44) 
and in 11 dimensions one can choose 

B — B*, B = B ] . (45) 
In the representation chosen above for the Dirac matrices, one may take 

b = r 2 r 5 r 7 r 8 r 10 . (46) 

Let now 

r? = a®|000 >. (47) 

This satisfies 

ir rir 2 r 3 ?7 = rj, 

T m T nV = (m^n) (48) 

so it has 4 components (and positive 4-dimensional chirality). It is easy to see that 
Bx* has (ns,ny,n\y) = (1,1,1) and negative 4-dimensional chirality. Thus the 
spinor 

x = rj + Brf (49) 

is a Majorana spinor which satisfies all the conditions. It has 4 real degrees of 
freedom, as expected for N=l supersymmetry. 
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4 Fivebrane-Fivebrane Intersections 



According to supergravity calculations [13[ [12| a pair of fivebranes can meet along 
a 3 space or a 1-space. The intersection will appear as a state in the spectrum of 
the quantum field theory on the "vacuum" fivebrane. Depending on the geometry 
of the intersection this state might appear as a membrane, a string or a particle. To 
have stable BPS states these configurations must preserve some of the supersym- 
metries left intact by the "vacuum" fivebrane. This section is devoted to checking 
whether such supersymmetry preserving configurations can occur. The cases consid- 
ered below treat the different possibilities for the part of the intersection inside the 
(0, 1, 2, 3) space, that is, they correspond to the different types of extended objects 
as viewed from the four- dimensional worldvolume field theory. The actual dimen- 
sionality of an intersection follows from solving the differential-geometric conditions 
which follow from the calculations done here. 



4.1 Membrane Type Intersections 

Consider a membrane in MQCD represented by a fivebrane whose worldvolume 
lies in x ,^ 1 ,^ 2 and M3 C Y where M3 is a three dimensional manifold. Thus 
the intersection is R 2 x (M3 nS), so from the four-dimensional worldvolume field 
theory point of view it is a two dimensional plane which divides physical space 
into two halves. One expects that M 3 n S should be 1-dimensional, since there 
are supergravity solutions of intersecting fivebranes which intersect on three space 



directions [IT], |T3| , |T2|j . Further on an example is presented where this is indeed the 
case. 

To preserve some supersymmetry there must be solutions of 

x = j l ^ r T r 1 r 2 r ijk d a x i d p x i d y x k x, (50) 

where now the X's refer to the embedding of the second fivebrane. Writing this 
in terms of holomorphic and anti-holomorphic coordinates as before, and using the 
fact that TrnT n x — if m ^ n one finds 

x = e a ^r r 1 r 2 (r mnp 9 a x" l ^x-9 7 ^ 

+ QT mnp d a X m dpX n d,XP + h.c) X , (51) 
Using ( fl9|) and matching terms with the same "occupation numbers" on both sides 
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of this equation gives 



(52) 



and 



= T T 1 T 2 T m T nn d a X m d^X n d,X n x 

(no sum over m in the last equation). 

The first of these conditions can be rewritten asQ 



(53) 



uBrf = (X^ToT^Tsvwr], 



(54) 



where ui is the volume form on M 3 , while f2 is the holomorphic 3- form 



— A dv A dw. 
t 



(55) 



Thus the pullback of the holomorphic three-form to M3 must be equal to the volume 
form on M3. 

The second equation states that the pullback of the Kahler form to M 3 must 
vanish: this follows from the fact that 



Since f2 is equal to the volume form, one concludes that for a BPS saturated 
membrane the tension is given by 



which can be computed for any suitable brane configuration. It is a universal formula 
for the membrane tension. 

4.2 String Type Intersections 

In this case the fivebrane has its worldvolume filling (x ,^ 1 ) x M4, where M4 is a 
submanifold in Y. The condition for supersymmetry preservation reads in this case 




(56) 




(57) 



X = T ^T Q T 1 T m d a X%XldiX k d s X l X . 



(58) 



5 X- k £l is the pullback of the holomorphic threeform to M3. 
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Writing this in terms of holomorphic and anti-holomorphic coordinates as before, 
and using the fact that TfnTn x — if m 7^ n one finds 

+ AT^d^d^d^dsX^x, (59) 

Using ( f49|) and matching terms with corresponding "occupation numbers" on both 
sides of this equation gives 

v = \^ s r r 1 r mnp9 d a x m d fi x n d J xfd s x\ 

= e a ^ s T a T l {T mn ^d a X m dpX n d 1 X^d & X^ 

+ T mnm d a X m dpX n d^d & X^Brf). (60) 

Since 

^mnpqf] {^QnpQmq 9nq9mp)^] > (^1) 

the first of the above conditions implies 

u = J A J. (62) 

Since r r!r mri pg and TQTiT mnp g have opposite chiralities, the second condition leads 
to J = 0, so this solution is singular. It is not clear whether this has any interesting 
interpretation. 

4.3 Particle Type Intersections 

The last case to consider is when the two fivebranes have a 0-dimensional intersec- 
tion, which would correspond to a particle state in the worldvolume field theory. It 
is easy to see that there are no BPS configurations of this kind. The analog of (|58|) 
here would read 

e a fs-y8 P X = r (r mnpg - r - ( 9 a X m 9 /3 X"9 7 X p 9 5 X^X f + h.c.) X - (63) 

It is clear that the only solution to this is x = 0, since there is no way to match 
occupation numbers on both sides of this equation. This is different from the case 



considered in [38[], where the curves £ lead to an N = 2 theory. 
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5 An Example: SU(n) Supersymmetric Yang-Mills 



This section presents an explicit example in SU(n) supersymmetric Yang-Mills the- 
ory. In the following section it will be argued that this brane intersection corresponds 
to a domain wall in MQCD. The fivebrane configuration here is quite nontrivial and 
is by itself a BPS state. The 2 + 1 dimensional field theory on its worldvolume may 
be interesting in its own right. 



5.1 The Fivebrane Solution 



The vacuum fivebrane configurations [10] are specified by Riemann surfaces: 



■ 2m?r 

vw = (e » , (64) 



where m labels the n vacua of the SU(n) gauge theory. 
Each vacuum fivebrane has a U(l) symmetry 



t — » e ni5 t, 

iS 

v — > e v , 

iS 



w — >e~ td w (65) 
and a Z2 charge conjugation symmetry: 

v — > w, 

w — > V, 

t — > ( n r\ (66) 

The membrane solution constructed below will later be interpreted as a domain 
wall and so it will be required that the solution preserve these symmetries since 
they are not spontaneously broken. This solution is constructed in such a way that 
it interpolates between two different vacuum fivebranes labeled by m = and m — 1 . 

The 3-dimensional intersection of the two fivebranes (M3) can be parameterized 
by p, a, 9. To keep the U(l) intact the fivebrane which plays the role of the wall 
must be then of the form 

v = f(p,cr)e w , 
w = g(p,a)e~ ie , 

t = exp(%,a))e ine . (67) 



15 



This form is prescribed uniquely by the U(l) symmetry (up to reparameterisation) 
where h is real and /, g are complex functions. Note that 6 drops out at the inter- 
section; it parameterises a non-trivial cycle on S. Without loss of generality one can 
assume that one vacuum is attained for a = and the other one for a = 1. 

The functions /, g, h can be determined from the BPS conditions. The Kahler 
form on Y reads ^ 

J = dv Adv + dw Adw + -r-^dt A dt. (68) 

rl 

The pullback of this to M 3 is 

J = df A df + dg A dg + i[d(\g\ 2 - \f\ 2 ) - dh] A dB. (69) 
To satisfy J p o = J a e = one has to take 

h = ^(\g\ 2 -\f\ 2 ) + C (70) 

for some constant C. This leaves 

J = df Adf + dg Adg. (71) 

The functions /, g must be chosen to make this vanish. 
The pullback of the holomorphic 3-form Q reads 

n = indf A dg A dB - id(fg) A dB A dh (72) 

Since the BPS conditions require that this be equal to the volume form (up to a 
constant phase), one must ensure that this indeed has a constant phase. 
The Ansatz considered in the following reads: 

f(p,a) = u(a)e l P, 

g(p,a) = «( < T)e- i " (73) 
for some complex function u. This Ansatz ensures that J = 0, and fl simplifies to 

Q = n(d a u 2 )dcr A dp A dB. (74) 
For this to have a constant phase u 2 must be linear in a: 

u = V a + ho (75) 
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for some constants a, b which can be fixed by imposing the boundary conditions: 

a = =>- wv = (, 

a = 1 =>■ wv = (e~ . (76) 
This leads to the final form of the curve 

(i/^l-a(l-e^)e^ +e \ 

C 1/2 ^l-a{l-e^)e-^ +e \ (77) 

Here the constant C has been fixed by requiring the Z 2 symmetry (|66|) . 

It is easy to check that this curve satisfies the BPS condition which equates Q 
with the volume form. It follows directly that 

Q = nsin(2n/n)dp Ada Ad9, (78) 

while the determinant of the metric on M3 is easily found to be 

det(g) = \d a u 2 \ 2 (79) 

and the BPS condition is satisfied. 

Finally observe that this configuration has actually two independent U(l) sym- 
metries, 

P — >P + $1, 

9 — >6 + S 2 (80) 
for real Si, S 2 , but only the second one is also a symmetry of the "vacuum" fivebrane. 

5.2 Interpretation 

Domain walls in MQCD were discussed recently in R51 ED|. The realization 
explored there seems to be different than the one presented here. The intersecting 
fivebrane configuration found in the previous section suggests a picture where a 
domain wall is realized as a piece of fivebrane crossing another fivebrane. 

The solution given by ( |5. 1| ) describes two fivebranes which intersect along a 3- 
space: two of the dimensions are non-compact and appear as a membrane in the 



t = 
v = 
w = 
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4- dimensional quantum field theory of the vacuum fivebrane worldvolume, while the 
remaining dimension is a cycle on S. The fivebrane which intersects the "vacuum" 
fivebrane interpolates between this vacuum at a — (where the branes intersect) 
and an adjacent vacuum at a — 1. The physical picture is that as the plane x 3 = is 
crossed the "vacuum" fivebrane changes the configuration of the compact part from 
the m = vacuum (at a = 0) to the m = 1 vacuum at a = 1 on the other side. Thus 
one may think of one fivebrane patched from three pieces: the vacuum fivebrane with 
m = 0, the membrane and the vacuum fivebrane with m = 1. This is probably the 
connection with Witten's picture of a single fivebrane which interpolates between 
the different MQCD vacua. 

When the branes are separated in the x 9 direction there is of course no domain 
wall in the 3 + 1 dimensional worldvolume field theory. It only appears when the 
separation in the x 9 direction vanishes. It is possible to infer that a marginal bound 
state of two fivebranes appears when they intersect on a three-dimensional manifold. 
The argument relates this system to a D4-D0 brane system at least for flat branes |. 
Consider a pair of M-theory fivebranes with worldvolumes along (0, 1, 2, 3, 4, 10) and 
(0, 1, 2, 6, 7, 10). By compactifying x 10 and T-dualising along (1, 2, 6, 7) one ends up 
with a D-fourbrane with worldvolume along (0,3,4,6,7) and a D-zerobrane. This 
system is known to form a bound state at threshold ||41||. Thus a pair of fivebranes 
with a 3-dimensional intersection forming a bound state is consistent with the duality 
argument just presented. 

Having the explicit brane configuration makes it possible to calculate the tension 
explicitly using this and formula (0). This yields (reinstating R) 

T = ^ 2 nRT 5 \(\ 2 \l-e 2ni/n \ 2 . (81) 

It is the same as that derived in |TIJ, up to a constant factor which is not fixed by 
Witten's analysis. The present approach fixes the normalisation unambiguously. 

It should be possible to understand this result from the point of view of the 
brane worldvolume field theory. It is clear that one is dealing with a membrane 
in the non-compact space where the field theory is defined, but one would like to 
understand in physical terms why it is that the vacua on either side of the membrane 
are different. 

One can actually see that the membrane couples in the worldvolume field theory 
as a domain wall. Consider the 3 + 1 dimensional worldvolume theory on the "vac- 
uum" fivebrane. The fivebrane worldvolume theory is a six dimensional field theory 

6 We would like to thank Oren Bergman and Albion Lawrence for discussions on this question. 
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with 16 real supersymmetries, whose field content is the (2,0) tensor multiplet. This 
contains 5 real scalars, interpreted as fivebrane transverse positions. In [M it was 
argued that the 3-space intersection of two fivebranes couples to a four-form gauge 
potential obtained by dualising the 1-form field strength of a linear combination 
of the five scalars <fi in the worldvolume theory (the correct combination of scalars 
depends on the orientation of the intersection): 

★ dcj) = F 5 = dA 4 . (82) 

The action for this system will contain terms like 

S = I *F 5 A F 5 + fio f At. (83) 

i(0,l,2,3)xS J(0,l,2)xSnM 3 

The reduced theory on the 3 + 1 dimensional non-compact worldvolume will have 
in the action terms induced by fl83|) . They read 

S = f tf 4 AF 4 + |if A 3 . (84) 

•/(0,1,2,3) J (0,1,2) 

where 

A 4 = A 3 A £. (85) 
Here £ is a cohomologically non-trivial one-form normalized so that 



/£A*£ = 1 (86) 



and 



11 = 110 £ (87) 

JEnM 3 

is the effective charge. Since £ n M 3 is the only non-trivial cycle on £ and £ is the 
associated element of cohomology, this does not vanish. The equation of motion 
reads 

d*F± = fxS(x 3 ) (88) 

and requires that the scalar *F 4 is locally constant, except at the wall where it 
undergoes a jump by //. Thus its value on either side of the membrane is different, 
which justifies regarding the membrane as a domain wall. This is analogous to the 



situation discussed in [|4^, [43|1 , where an 8-brane acts as a domain wall in type IIA 
string theory. 

One may therefore conclude that the "wall" fivebrane couples to the "vacuum" 
fivebrane when the two branes are coincident. It would be interesting to understand 
better the connection between this realisation of an MQCD domain wall and the 



one studied in g(J . 
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6 Twobrane-Fivebrane Intersections 



For completeness one may also consider the possible intersections of a twobrane with 
the "vacuum" fivebrane. This could a priori lead to a BPS particle or string states 
in the worldvolume theory on the fivebrane It is very easy to see that there are no 
BPS configurations of this kind. To this end one only needs to look at the analog 
of which would in the present case read 

X = T T 1 (T m d a X m + T^X^x (89) 

for the string case (a is the coordinate along the "string"), and 

e apX = Tv(T mn d a X m d p X n + Y mn d a X m d p X n + T mn d a X m dpX n ) X (90) 

for the particle case. 

It is clear that the only solution to this is x = 0, since there is no way to match 
'occupation numbers' on both sides of this equation. 



7 Conclusions and Summary 

In this paper different possibilities of obtaining extended objects in MQCD are ex- 
plored. The approach is to consider intersections of M-branes with the vacuum 
fivebrane which preserve supersymmetry. There are essentially two possibilities, 
both of which involve a fivebrane intersecting the vacuum fivebrane. The intersec- 
tions are such that in the (0, 1, 2, 3) part of the vacuum worldvolume the intersection 
looks like a membrane or a string. The string solution is singular and it is not clear 
whether there is anything interesting to be learned from that case. The case where 
the intersection looks like a membrane is of greater interest and was studied in detail. 

A formula for the tension of the membrane was derived which is the integral 
of the holomorphic three-form Q over M3 (the three dimensional part of the inter- 
secting fivebrane's worldvolume embedded in the space R 5 x S 1 ). The example of 
super- Yang-Mills was studied in detail and an explicit example of a BPS saturated 
membrane was constructed and its tension was calculated. It was then argued that 
the membrane is in fact a domain wall in the gauge theory living in the 0123 di- 
rections of the vacuum fivebrane. The tension agrees with the known result [|1(| 



derived by considering the difference in the vacuum density on either side of a do- 
main wall in supersymmetric Yang-Mills theory. There the tension is obtained by 
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considering the difference in the asymptotic values of the superpotential in N = 1 
super symmetric Yang-Mills. This is a means of calculating the superpotential and 
may have wider applications. 

In ||0[ a vacuum fivebrane configuration which interpolates between two vacua 
was constructed in the spirit of ||10|| . The relation to the approach advocated in this 
paper lies in our conjecture that the vacuum fivebrane splits along the intersecting 
fivebrane so that on either side of the intersecting brane there are two different 



vacua. Thus the configuration considered here is probably a singular limit of |40 



A more careful study of the relationship of the two approaches is clearly of interest. 
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